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Spin characters of generalized symmetric groups
Xiaoli Hu and Naihuan Jing
Abstract. In 1911 Schur computed the spin character values of the
symmetric group using two important ingredients: the first one later
became famously known as the Schur Q-functions and the second one
was certain creative construction of the projective characters on Clif-
ford algebras. In the context of the McKay correspondence and affine
Lie algebras, the first part was generalized to all wreath products by
the vertex operator calculus in [4] where a large part of the character
table was produced. The current paper generalizes the second part and
provides the missing projective character values for the wreath product
of the symmetric group with a finite abelian group. Our approach relies
on Mackey-Wigner’s little groups to construct irreducible modules. In
particular, projective modules and spin character values of all classical
Weyl groups are obtained.
1. Introduction
The spin group S˜n is a double cover of the symmetric group Sn. In the
seminal paper [18] Schur generalized Frobenius theory and determined all
irreducible projective characters of the symmetric group Sn by introducing a
new family of symmetric functions later known as Schur Q-functions. These
symmetric functions play the same role for the spin group S˜n as Schur func-
tions do for the symmetric group Sn. Schur showed further that though the
projective character values are for the most part given by Schur Q-functions,
a significant portion was provided by special spin modules and Clifford al-
gebras.
After the classical work of Frobenius and Schur, irreducible characters
of the general wreath products Γn = Γ ≀Sn were constructed by Specht in his
dissertation [21]. The generalized symmetric groups were also studied by
Osima in [15], and Zelevinsky [24] investigated the Hopf algebra structure
of the Grothendieck groups for all Γn.
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During the last several decades there has been a resurgence of activ-
ities on the spin group. Stembridge [22] gave a combinatorial definition
of Schur Q-functions, Sergeev [20] found that the hyperoctahedral group of
the symmetric group has a similar character theory, Jo´zefiak [8] gave a mod-
ern account of Schur’s work using superalgebras, Nazarov [14] constructed
all irreducible representations of the spin group, Hoffman and Humphreys
[5] also used Zelevinsky’s method to study the double covering groups Γ˜n,
and the second author [7] provided a vertex operator approach to Schur
Q-functions as well as projective character values. Breakthroughs were also
made on modular projective representations of the symmetric groups [3] [9]
(see also [6]).
On the other hand, recognizing the deep connection with the McKay
correspondence, I. Frenkel, Jing and Wang [4] generalized the first part of
Schur’s work and determined all irreducible characters of the spin wreath
product Γ˜n of a finite group Γ and the symmetric group Sn. When Γ is
a finite cyclic group, they are double covering groups of the generalized
symmetric groups, which include hyperoctahedral groups as special cases
when Γ is of order 2. In Schur’s original work on S˜n, the projective characters
of Sn are parameterized by strict partitions. Again in the wreath products,
the projective representations are in one to one correspondence to strict
partition valued functions or strict colored partitions.
It is well-known that the projective character table of Γn consists of
the character values on the so-called split conjugacy classes which can be
divided into two subsets: the even conjugacy classes corresponding to parti-
tion valued functions with odd integer parts and the odd conjugacy classes
corresponding to odd partition valued functions with distinct parts. In [4]
the authors determined all irreducible characters of spin wreath products by
vertex operator calculus and also showed that the character values at all odd
conjugacy classes are given by matrix coefficients of products of twisted ver-
tex operators, thus solved a big chunk of the character table. It seems that
the character values on odd strict colored partitions are beyond the reach of
vertex operators. Later in [1] [13] spin characters for generalized symmetric
groups were also considered using combinatorial methods and certain basic
spin character values were computed. However the character values on odd
strict partition valued functions are still unknown, as the method associ-
ated with the McKay correspondence and vertex representations seems not
suitable for computing this part of the character table. Knowledge of this
will be useful in representation theory as they include practically all double
coverings of Weyl groups of classical types.
Spin character values have been studied in the physics literature as well.
In [16] it was observed that plethysms play an important role in determining
characters for spin characters of SO(n,C) and the spin group S˜n. This was
later generalized to spin groups associated to orthogonal and symplectic
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Weyl groups [17] and new algorithms were developed for computing the
spin character values of Weyl groups.
The purpose of this paper is to obtain the missing part of the character
table of spin wreath products Γ˜n for the cases of an abelian group Γ. We
construct all irreducible characters by certain induced representations of
Young subgroups of Γ˜n using the Mackey-Wigner method of little groups (cf.
[19]). Then we compute the spin character tables of the wreath products
Γ˜n. In particular this includes, in principle, the irreducible spin character
values of Weyl groups of all classical types.
In the viewpoint of the new form of the McKay correspondence [4] the
problem of determining all spin wreath products Zr+1 ≀ S˜n amounts to a re-
alization of the twisted affine Lie algebra A
(1)
r [−1]. On the other hand, Ariki
[2] has shown that the Grothendieck group of the category of modules for
the cyclotomic Hecke algebra Hq(Zr+1 ≀Sn) realizes the dual canonical basis
for the quantum affine Lie algebra Uq(A
(1)
r ), which in turn gives the decom-
position matrix for the modular representations of the symmetric groups by
the Lascoux-Leclerc-Thibon algorithm [10]. These are partly the reasons
that we study spin representations of generalized symmetric groups in this
paper, besides historic interest.
The paper is organized as follows. In the first two sections we discuss
the basic notions of the wreath products and the Grothendieck group of
projective representations of the wreath products. The twisted products
of two spin modules are thoroughly reviewed and special attention is paid
to the case of cyclic groups. In section three we first recall the basic spin
representations and then use the Mackey-Wigner method of little groups to
decompose the orbits of Young subgroups. We construct all spin irreducible
representations indexed by strict partition valued functions, and then we
show that the character values are sparsely zero and the non-zero values are
given according to how the partitions are supported on various conjugacy
classes.
2. The spin wreath products Γ˜n .
2.1. The spin group S˜n. The spin group S˜n is the finite group gen-
erated by z and ti, (i = 1, · · · , n− 1) with the defining relations:
z2 = 1, t2i = (titi+1)
3 = z,(2.1)
titj = ztjti, |i− j| > 1,(2.2)
zti = tiz.(2.3)
The group S˜n is a central extension of Sn by the cyclic group Z2, as the map
θn sending ti to the transposition (i, i + 1) and z to 1 is a homomorphism
from S˜n to Sn. In fact Schur [18] has shown that the spin group S˜n is one
of the two non-trivial double covers of the symmetric group Sn (n ≥ 4 but
n 6= 6).
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We recall the Conway cycle presentation for S˜n [23]. For each k ∈
{1, · · · , n}, let xk = tktk+1 · · · tn · · · tk+1tk ∈ S˜n+1 . For distinct integers
i1, · · · , im ∈ {1, 2, · · · , n}, we define the cycle [i1i2 · · · im] by
(2.4) [i1i2 · · · im] =
{
z, if m = 1,
xi1ximxim−1 · · · xi1 , if 1 < m ≤ n.
It is easy to see that θn([i1i2 · · · im]) = (i1i2 · · · im), θn+1(xi) = (i, n + 1).
Therefore each element of S˜n is of the form
zp[i1 · · · im][j1 · · · jk] · · · ,
where {i1 · · · im}, {j1 · · · jk}, · · · is a partition of the set {1, 2, · · · , n} and
p ∈ Z2.
Let λ = (λ1, · · · , λl) be a partition of the positive integer n. We identify
λ with its Ferrers diagram which is formed by the array of n dots having
l left-justified rows with row i containing λi dots for 1 ≤ i ≤ l. A Young
tableau Tλ of shape λ is a numbering of the dots of the Ferrers diagram by
1, 2, · · · , |λ|. For such a tableau Tλ of shape λ with the numbering aij for the
(i, j)-dot, we define the element tλ = [a11 · · · a1λ1 ][a21 · · · a2λ2 ] · · · [al1 · · · alλl ]
of S˜n. We also denote its image in Sn by
σλ = θn(tλ) =
l∏
i=1
(ai1 · · · aiλi) ∈ Sn.
2.2. The spin group Γ˜n. We will mainly consider the case of the cyclic
group Γ = 〈a|ar+1 = 1〉 ≃ Zr+1. But for the most part of this section we
allow Γ to be a general finite group. We denote by Γ∗ the set of conjugacy
classes of Γ and Γ∗ = {γi| i = 0, · · · , r} the set of irreducible characters of
Γ with γ0 being the trivial character.
Let ζc be the order of the centralizer of an element in the class c ∈ Γ∗,
then the order of c is |Γ|/ζc. When Γ = Zr+1, ζc = r+1 and |c| = 1 for any
c ∈ Γ∗.
For n ∈ Z+, let Γn be the direct product Γ×· · ·×Γ, where Γ0 = 1. The
spin group S˜n acts on Γ
n via the permutation action of Sn, thus
tλ(g1, · · · , gn) =(gσ−1
λ
(1), · · · , gσ−1
λ
(n)),
z(g1, · · · , gn) =(g1, · · · , gn).
(2.5)
The spin wreath product Γ˜n is the semi-direct product
Γ˜n = Γ
n ⋉ S˜n = {(g, t)|g = (g1, · · · , gn) ∈ Γn, t ∈ S˜n}
with the multiplication
(g, t) · (h, s) = (gt(h), ts).
Similarly, Γn is defined to be the semi-direct product of Γ
n by Sn. It is
known that Γ˜n is a central extension of Γn by Z2, thus |Γ˜n| = 2n!|Γ|n.
SPIN CHARACTERS OF GENERALIZED SYMMETRIC GROUPS 5
Let d be the parity homomorphism from the spin group S˜n to the group
Z2 by
(2.6) d(ti) = 1 (i = 1, · · · , n− 1), d(z) = 0.
Similarly, we define a parity for Γ˜n by
(2.7) d(g, ti) = 1 (i = 1, · · · , n− 1), d(g, z) = 0.
2.3. Partition valued functions. We recall some basic notions of
partitions to describe conjugacy classes of Γn. Let λ = (λ1, λ2, · · · , λl)
be a partition of n with λ1 ≥ · · · ≥ λl ≥ 1. We denote by l = l(λ) the
length of the partition λ and set |λ| = λ1 + · · · + λl. Sometimes we write
λ = (1m12m23m3 · · · ), where mi is the multiplicity of i among the parts of
λ.
Given a finite set X, let ρ = (ρ(x))x∈X be a family of partitions indexed
by X, we denote by l(ρ) =
∑
x∈X l(ρ(x)) the length of ρ and by ||ρ|| =∑
x∈X |ρ(x)| the sum of parts of ρ, and then ρ = (ρ(x))x∈X is called a
partition valued function on X. Let P(X) be the set of all partitions indexed
by X and Pn(X) the set of all partitions in P(X) such that ||ρ|| = n. For
two partition valued functions ρ = (ρ(x))x∈X and σ = (σ(x))x∈X , we define
the union of ρ∪ σ to be the partition valued function given by (ρ∪ σ)(x) =
ρ(x) ∪ σ(x). Here the union of two ordinary partitions is taken to be the
juxtaposition of two partitions with their parts rearranged. Subsequently,
||ρ∪σ|| = ||ρ||+ ||σ|| and l(ρ∪σ) = l(ρ)+ l(σ). A partition valued function is
said to be decomposable if it is a (non-trivial) union of two or more partition
valued functions.
A partition λ = (λ1, λ2, · · · , λl) is called strict if λi 6= λj for i 6= j. We
denote by SP(X) the set of partition valued functions (ρ(x))x∈X in P(X)
where each partition ρ(x) is strict. Let OP(X) be the set of partition valued
functions (ρ(x))x∈X in P(X) such that all parts of the partitions ρ(x) are
odd integers.
For each partition λ we define the parity d(λ) = |λ| − l(λ). Similarly,
for a partition valued function ρ = (ρ(x))x∈X , we define d(ρ) = ||ρ|| − l(ρ).
Then ρ is even (or odd) if d(ρ) is even (or odd). We let P0n(X) (or P1n(X))
to be the collection of even (or odd) partition valued functions on X.
As convention we set SPin(X) = Pin(X) ∩ SP(X) and OPn(X) =
Pn(X) ∩ OP(X) for i ∈ {0, 1}. For simplicity, P(X) will be simply written
as P when X consists of a single element. Similarly we have notations such
as OP , SP , OPn and SP in.
2.4. Split conjugacy classes of Γn⋉Sµ. We first recall the parametriza-
tion of conjugacy classes of Γn by partition valued functions. For an element
(g, σ) ∈ Γn, write the permutation σ as a product of disjoint cycles. For each
cycle (i1i2 · · · ik) inside σ, we associate the cycle-product gikgik−1 · · · gi1 ∈ Γ.
Now for each conjugacy class c let mk(c) be the multiplicity of k such that
the cycle product ∈ c. The resulted partition valued function ρ ∈ P(Γ∗),
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where ρ(c) = (1m1(c)2m1(c) · · · ), determines the conjugacy class of (g, σ)
completely [11].
For a partition µ of n we define the Young subgroup of Sn to be
S{1,··· ,µ1} × · · · × S{µ1+···+µs−1+1,··· ,µ1+···+µs},
which will be abbreviated as Sµ1 × · · · × Sµs . Similarly Γn ⋉ (Sµ1 × Sµ2 ×
· · ·×Sµs) ≃ Γµ1 ×· · ·×Γµs := Γµ is a subgroup of Γn, also called the Young
subgroup of Γn associated to µ.
Now we discuss the parametrization of conjugacy classes generated by
Young subgroups. Let x = (g, ω) be an element of the Young subgroup
Γµ1 × Γµ2 × · · · × Γµs , where x = x1 · · · xs and xi = (g(i), σi) ∈ Γµi . Let
ρi be the partition valued function on Γ∗ given by the congugacy class of
xi, thus ||ρi|| = µi. We remark that if xi is viewed as an element of Γn,
then the conjugacy class of xi corresponds to the partition valued function
ρi∪(1n−µi). Then ρ = ρ1∪ρ2∪· · ·∪ρs will be the partition valued function of
(g, ω). In this way we define a bijection φ from the decomposable partition
valued functions ρ = ρ1 ∪ · · · ∪ ρs such that ||ρi|| = µi to the conjugacy
classes of x = (g, ω) in Γµ1 × Γµ2 × · · · × Γµs .
For ρ = (ρ(c))c∈Γ∗ ∈ Pn(Γ∗), let Cρ be the corresponding conjugacy
class in Γn. Let c
0, · · · , cr be the conjugacy classes of Γ, here c0 = {1},
the trivial class. Let Tρ(ci) be the standard Young tableau such that the
numbers
∑i−1
j=1 |ρ(cj)|+1, · · · ,
∑i
j=1 |ρ(cj)| are placed in the Young diagram
of shape ρ(ci) = (ρ(ci)1, · · · , ρ(ci)l) from the left to the right and from the
first row to the last row. Then we get
tρ(ci) =[ai−1 + 1, · · · , ai−1 + ρ(ci)1] · · ·
[ai−1 + ρ(ci)1 + · · ·+ ρ(ci)l−1, · · · , ai−1 + |ρ(ci)|],
(2.8)
where ai−1 =
∑i−1
j=0 |ρ(cj)|. Finally, we define tρ = tρ(c0)tρ(c1) · · · tρ(cr) in S˜n.
For any permutation σ ∈ Sn, we also define tσρ to be the element obtained
from tρ by permuting the natural numbering by σ. Thus the general element
of Γ˜n is of the form (g, z
ptσρ), where ρ is the type of the conjugacy class of
(g, zptσρ ) and σ ∈ Sn.
An element x˜ ∈ Γ˜n is called non-split if x˜ is conjugate to zx˜. Otherwise
x˜ is said to be split. A conjugacy class of Γ˜n is called split if its elements
are split. Correspondingly an element x ∈ Γn is called split if θ−1n (x) is
split. Therefore a conjugacy class Cρ of Γn splits if and only if the preimage
θ−1n (Cρ) , Dρ splits into two conjugacy classes in Γ˜n. Read has proved that
the preimage θ−1n (Cρ) splits into two conjugacy classes in Γ˜n if and only if
ρ ∈ OPn(Γ∗) or ρ ∈ SP1n(Γ∗) (cf. [4]). For each split conjugacy class Cρ
in Γn, we define the conjugacy class D
+
ρ in Γ˜n to be the conjugacy class
containing the element (g, tρ) and define D
−
ρ = zD
+
ρ , then Dρ = D
+
ρ ∪D−ρ .
For a partition λ = (1m12m23m3 · · · ) of n, we denote by zλ =
∏
i≥1 i
mimi!
the order of the centralizer of an element with cycle type λ in Sn. For each
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partition valued function ρ = (ρ(c))c∈Γ∗ , we find that
(2.9) Zρ =
∏
c∈Γ∗
zρ(c)ζ
l(ρ(c))
c
is the order of the centralizer of an element of conjugacy type ρ = (ρ(c))c∈Γ∗
in Γn. Correspondingly the order of the centralizer of an element of conju-
gacy type ρ in Γ˜n is given by
(2.10) Z˜ρ =
{
2Zρ, Cρ is split,
Zρ, Cρ is non-split.
Following the usual definition [18] a representation pi of Γ˜n is called spin if
pi(z) = −1. In particular, the character values of a spin representation are
determined by its values on the split classes, since in that case, Tr(pi(zx˜)) =
−Tr(pi(x˜)) = 0 whenever x˜ and zx˜ are conjugate in Γ˜n.
Let (−1)d be the sign representation of Γ˜n: x˜ −→ (−1)d(x˜). When
(−1)dpi ≃ pi we call pi a double spin representation of Γ˜n. If pi′ = (−1)dpi ≇ pi,
then pi
′
and pi are called a pair of associate spin representations of Γ˜n.
3. Twisted Grothendieck groups
In this section we recall some fundamental facts about supermodules,
spin super functions and the irreducible spin characters of S˜n, then we study
the spin representations of Γn ⋉ S˜µ, which is a double cover of Γµ.
3.1. Supermodules. Let C[Γ˜n] be the group algebra of Γ˜n, then An =
C[Γ˜n]/(1 + z) becomes a Z2-graded algebra by setting deg(ti) = 1, (i =
1, · · · , n−1). A Γ˜n-module V is called a spin module if z acts as −idV , then
V can also be viewed as an An-module. Conversely any An-module is also
a spin module of Γ˜n. If V = V0 ⊕ V1 and A inVj ⊂ Vi+j, where A in is the ith
homogeneous subspace, then V is called a supermodule. It is well-known
that complex simple superalgebras have only two types [8]:
(1) Type M . The superalgebra M(r|s) is equal to the matrix algebra
Mat(r+ s, r+ s), where the matrices are partitioned as 2×2 block matrices
so that the main diagonals are r × r and s × s sub-matrices. The subspace
M(r|s)0 consists of diagonal block matrices, and the subspace M(r|s)1 is
equal to the space of off-diagonal block matrices.
(2) Type Q. The superalgebra Q(n) is the subalgebra of M(n|n) formed
by block matrices with both equal diagonal block matrices and skew diagonal
block matrices.
Furthermore, An is semisimple, so it is a direct product of finitely many
simple superalgebras. A supermodule is said to be of type M (or Q) if it is
a multiple of one minimal left superideal of M(r|s) (or Q(n)). Subsequently
any finite dimensional C[Γn]-supermodule is isomorphic to a direct sum of
simple supermodules of type M or type Q.
8 XIAOLI HU AND NAIHUAN JING
If V is a double spin irreducible C[Γ˜n]-module, then V is already an An-
supermodule by the inherited action. If V is an irreducible associate spin
C[Γ˜n]-module, then D(V ) = V ⊕V ′ becomes an irreducible An-supermodule
where D(V )0 = {(v, v)|v ∈ V }, D(V )1 = {(v,−v)|v ∈ V } and the action is
induced from that of the ordinary module, i.e. g(i)(u, v) = (g(i)u, (−1)ig(i)v)
for g(i) ∈ A (i)n , the degree i-subspace of A (i)n .
In the following we will use supermodules to compute irreducible char-
acters. The underlying principle is that an irreducible (spin) supermodule
of Γ˜n remains irreducible as an (spin) module when it is of type M or de-
composes into two irreducible (spin) modules when it is of type Q, and any
irreducible spin module can be realized in this way.
3.2. The space R−(Γ˜n). A spin class function on Γ˜n is a class function
from Γ˜n to C such that f(zx) = −f(x), thus spin class functions vanish on
non-split conjugacy classes. A spin super class function on Γ˜n is a spin
class function f on Γ˜n such that f vanishes further on odd strict conjugacy
classes. Let R−(Γ˜n) be the C-span of spin super class functions on Γ˜n.
The twisted product Γ˜l×˜Γ˜m is equal to Γ˜l × Γ˜m as a set but with the
multiplication
(t, t
′
)(s, s
′
) = (tszd(t
′
)d(s), t
′
s
′
),
where s, t ∈ Γ˜l, s′ , t′ ∈ Γ˜m are homogeneous. We define the spin direct
product [4] of Γ˜l and Γ˜m by
(3.1) Γ˜l×ˆΓ˜m = Γ˜l×˜Γ˜m/{(1, 1), (z, z)},
which can be embedded into the spin group Γ˜l+m canonically by letting
(3.2) (t
′
i, 1) 7−→ ti, (1, t
′′
j ) 7−→ tl+j ,
where t
′
i ∈ Γ˜l (i = 1, · · · , l − 1), t
′′
j ∈ Γ˜m (j = 1, · · · ,m − 1). We identify
Γ˜l×ˆΓ˜m with its image in Γ˜l+m and regard it as a subgroup of Γ˜l+m.
We remarked earlier that we would study spin modules via supermodules
[8]. The following exposition of twisted Grothendieck rings of supermodules
follows [4] closely. For two spin supermodules U and V of Γ˜l and Γ˜m, we
define the super (outer)-tensor product U⊗ˆV by
(t, s)(u⊗ˆv) = (−1)d(s)d(u)(tu⊗ˆsv),
where s and u are homogeneous elements. Then U⊗ˆV is a spin Γ˜l×ˆΓ˜m-
supermodule. Moreover, let U and V be irreducible supermodules for Γ˜l
and Γ˜m respectively, then
(1) if both U and V are of type M , then U⊗ˆV is a simple Γ˜l×ˆΓ˜m -
supermodule of type M ;
(2) if U and V are of different types, then U⊗ˆV is a simple Γ˜l×ˆΓ˜m-
supermodule of type Q;
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(3) if both U and V are of type Q, then U⊗ˆV ≃ N ⊕N for some simple
Γ˜l×ˆΓ˜m-supermodules N of type M.
The irreducible summands in case (3) are more subtle as ordinary irre-
ducible modules. In fact we have the following result. First of all, if V is an
irreducible double spin module, then V is a priori an irreducible supermod-
ule of type M (we still use the same symbol for the supermodule). If V is
an irreducible associate spin module, then D(V ) = V ⊕ V ′ is an irreducible
supermodule of type Q. The following result is mostly from [8].
Proposition 3.1. Let f1 and f2 be the spin characters afforded by an
irreducible Γ˜m-module V1 and an Γ˜n-module V2 respectively.
(i) If both Vi are double spin, then the tensor product V1⊗ˆV2 is irreducible
both as a supermodule and as an ordinary module for Γ˜m×ˆΓ˜n.
(ii) If V1 is double spin and V2 is associate spin, then the tensor product
V1⊗ˆD(V2) is irreducible as a Γ˜m×ˆΓ˜n-supermodule and decomposes into V1⊛
V2 ⊕ (V1 ⊛ V2)′ as an ordinary module, where (V1 ⊛ V2)′ is the associated
module of the irreducible module V1 ⊛ V2.
(iii) If both Vi are associate spin, then the tensor product D(V1)⊗ˆD(V2)
decomposes into W ⊕W , where W is an irreducible Γ˜m×ˆΓ˜n-supermodule of
type M. Set W = V1⊛V2 when it is viewed as an ordinary irreducible module
(up to isomorphism), then the character f1⊛ f2 of the irreducible summand
V1 ⊛ V2 satisfies that
f1 ⊛ f2(x1, x2) =
{
2(
√−1)d(x1)d(x2)f1(x1)f2(x2) both fi are associate spin,
f1(x1)f2(x2) otherwise,
where x1 ∈ Γ˜m, x2 ∈ Γ˜n.
Proof. The statements on tensor products of supermodules are clear.
The relationship between supermodules and modules are proved in [8]. The
last relation about characters follows from analysis of basic spin characters,
see [8] or [7] for details. Another treatment can be found in [22] for the
special case of S˜n. 
The starred tensor product V1⊛V2 is essentially Schur’s tensor product of
spin modules [18]. We can generalize the starred tensor product V1⊛· · ·⊛Vs
for multiple modules. Let fi (i = 1, · · · , k) be the character of the irreducible
associate spin module Vi, which comes from an irreducible supermodule of
type Q. Let fj (j = k+1, · · · , s) be the character of the irreducible associate
spin module Vj , which comes from an irreducible supermodule of type M.
We define f1 ⊛ · · · ⊛ fs to be the character of the irreducible component
V1 ⊛ · · ·⊛ Vs (as an ordinary module) in the super tensor product
D(V1)⊗ˆ · · · ⊗ˆD(Vk)⊗ˆVk+1⊗ˆ · · · ⊗ˆVs.
Note that V1 ⊛ · · · ⊛ Vs is only defined up to isomorphism. See [9] for a
similar discussion for supermodules. Using induction on k we also have
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(3.3) f1 ⊛ · · ·⊛ fs(x1 · · · xs) = 2[
k
2
](
√−1)[ k2 ]d(x1)···d(xk)f1(x1) · · · fs(xs)
where xi ∈ Γ˜µi and [a] denotes the maximum integer ≤ a.
The twisted Grothendieck group R−(Γ) =
⊕
n≥0R
−(Γ˜n) has an as-
sociative algebra structure. The multiplication is defined as follows. Let
f ∈ R−(Γ˜l), g ∈ R−(Γ˜m). Then f × g is an element of R−(Γ˜l×ˆΓ˜m) and we
define
f ◦ g = IndΓ˜l+m
Γ˜l×ˆΓ˜m
(f × g)
which is an element of R−(Γ˜l+m). This gives a bilinear multiplication on
R−(Γ). It follows from [4] that R−(Γ) becomes a graded associative C-
algebra.
The irreducible spin super characters of Γ˜n form a C-basis of R
−(Γ˜n).
For two simple supermodules φ,ϕ ∈ R−(Γ˜n), the standard inner product
can also be used for supermodules and we have that [4]
(3.4) 〈φ,ϕ〉 =

1 if φ ≃ ϕ is type M,
2 if φ ≃ ϕ is type Q ,
0 otherwise.
For a simple supermodule V we define
(3.5) c˙ = c(V ) =
{
0 if V is type M,
1 if V is type Q,
and then we extend the definition to multiple copies of V by c(V ⊕n) = c(V ).
Let fi (i = 1, · · · , s) be the spin characters of irreducible Γ˜µi-modules Vi.
Assume that k of them are associate spin modules, say, V1, · · · , Vk are asso-
ciate spin and Vk+1, · · · , Vs are double spin modules. ThenD(V1), · · · ,D(Vk)
are irreducible supermodules of type Q, and Vk+1, · · · , Vs are irreducible su-
permodules of type M.
Let f1 ◦ · · · ◦ fs be the induced character of f = f1⊛ · · ·⊛ fs from Γ˜µ to
Γ˜n. For later applications we determine the restriction ResΓ˜µ(f1 ◦ · · · ◦ fs).
We denote by Γ˜µ\Γ˜n/Γ˜µ the collection of the double cosets Γ˜µtΓ˜µ, and set
(Γ˜µ)t = tΓ˜µt
−1 ∩ Γ˜µ for any double coset representative t. By Mackey’s
decomposition theorem, we have
Res
Γ˜µ
(f1 ◦ · · · ◦ fs) =
⊕
t∈Γ˜µ\Γ˜n/Γ˜µ
IndΓ˜n
(Γ˜µ)t
(f t),
where f t(x˜) = f(t−1x˜t). From Frobenius reciprocity it follows that
〈f1 ◦ · · · ◦ fs, f1 ◦ · · · ◦ fs〉 =〈f,ResΓ˜µ(f1 ◦ · · · ◦ fs)〉
=
∑
t∈Γ˜µ\Γ˜n/Γ˜µ
〈Res(Γ˜µ)t(f), f
t〉(Γ˜µ)t .
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By definition f = f1⊛· · ·⊛fs is an irreducible spin character. If f1◦· · ·◦fs
is a spin Γ˜n-irreducible character, then we have 〈Res(Γ˜µ)t(f), f t〉(Γ˜µ)t = 0 for
t 6= 1 (nontrivial double coset). In fact when t = 1, one has 〈Res
(Γ˜µ)t
(f), f t〉
(Γ˜µ)t
=
〈f, f〉
Γ˜µ
= 1, and 〈f1 ◦ · · · ◦ fs, f1 ◦ · · · ◦ fs〉 = 1. Therefore in this case we
have
〈f1 ◦ · · · ◦ fs, f1 ◦ · · · ◦ fs〉Γ˜n = 〈f, f〉Γ˜µ
=2k−c˙
1
|Γ˜µ|
∑
x˜∈Γ˜µ
f1(x˜1) · · · fs(x˜s)f1(x˜1) · · · fs(x˜s),(3.6)
where x˜ = x˜1 · · · x˜s and x˜i ∈ Γ˜µi(i = 1, · · · , s).
3.3. Irreducible spin representations of S˜n. To compute irreducible
characters of S˜n, Schur [18] introduced the symmetric functionsQν ∈ Q[p1, p3, . . .],
where ν ∈ SPn and pk =
∑
i≥1 x
k
i is the kth power sum symmetric function.
For l = l(ν) ≤ n, the Schur Q-function Qν is given by
Qν(x1, · · · , xn) = 2l
∑
α∈Sn/Sn−l
xν1α(1) · · · xνnα(n)
∏
νi>νj
xα(i) + xα(j)
xα(i) − xα(j)
,
where νm = 0 for m > l(ν). Schur showed that for each ν ∈ SPn there
corresponds a unique irreducible (double) spin character ∆ν if n − l(ν) is
even or a pair of irreducible (associate) spin characters ∆+ν and ∆
−
ν if n−l(ν)
is odd. The spin character values {∆λν |λ ∈ OPn} are determined by
(3.7) Qν =
∑
λ∈OPn
2
l(ν)+l(λ)+d¯(ν)
2 z−1λ ∆
λ
νpλ,
where pλ = pλ1pλ2 · · · pλl are the power sum symmetric functions, (∆+ν )λ =
∆λν for odd n− l(ν) and
d¯(ν) =
{
0 when d(ν) is even,
1 when d(ν) is odd.
Theorem 3.2. (Schur [18]) For each ν = (ν1, · · · , νl) ∈ SPn(n ≥ 4),
the corresponding irreducible spin characters of S˜n are determined as follows.
(i) If n− l is even, there is a unique (double) spin irreducible character
∆ν whose character values ∆
λ
ν (λ ∈ OPn) are given by (3.7) and ∆µν = 0
for µ /∈ OPn.
(ii) If n − l is odd, there are two irreducible (associate) spin characters
∆+ν , ∆
−
ν . The character values (∆
+
ν )
λ are given by (3.7) for λ ∈ OPn, and
for other classes they are given by
(∆+ν )
ν = (
√−1)(n−l(ν)+1)/2
√
ν1 · · · νl/2,
and (∆+ν )
µ = 0 for µ 6= ν ∈ SP1n. Moreover, (∆−ν )µ = (∆+ν )µ for µ even
and (∆−ν )µ = −(∆+ν )µ for µ odd.
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For an iterative method to compute the spin characters of S˜n and an
explicit character table up to degree 13, see [12].
Let Vi be the ith irreducible Γ-module affording the character γi, i ∈
{0, 1, . . . , r}. Let Ω = Pn(l ≤ r + 1), the set of partitions of n with lengths
≤ r + 1. Now take distinct integers i1, . . . , is from {0, 1, . . . , r}, a partition
µ = (µ1, . . . , µs) ∈ Ω, and let W be a spin supermodule of S˜µ. Then the
tensor product V ⊗µ1i1 ⊗· · ·⊗V
⊗µs
is
⊗W becomes a spin Γn⋉ S˜µ-supermodule
under the action
(g, zptρ) · (v1 ⊗ · · · ⊗ vn ⊗ w)
=(g1vσ−1ρ (1) ⊗ · · · ⊗ gnvσ−1ρ (n))⊗ (zptρw),
(3.8)
where (g, zptρ) ∈ Γn ⋉ S˜n, v1 ⊗ · · · ⊗ vn ∈ V ⊗µ1i1 ⊗ · · · ⊗ V
⊗µs
is
, and w ∈W .
In particular, when s = 1 the module V ⊗ni ⊗W is a spin supermodule
of Γ˜n.
4. Irreducible spin character tables of Γ˜n.
In this section we will construct the irreducible spin modules of Γ˜n.
By the general theory of spin characters [4] it is enough to focus on strict
partition valued functions of Γ˜n. We will show that essentially only one spe-
cial class of conjugacy classes (corresponding to odd strict partition valued
functions) can support nonzero irreducible character values.
4.1. The irreducible spin supermodules of Γ˜n. For j1, · · · , jn ∈
{0, · · · , r} and Γ = Zr+1, let γ = γj1 ⊗ γj2 ⊗ · · · ⊗ γjn . Then γ is an
irreducible character of Γn through the usual tensor product action. Since
Γn is abelian, they form a group X = Hom(Γn,C∗) under multiplication.
The group Γ˜n acts on X by
(x˜ · γ)(g) = γ(x˜ · g) for x˜ ∈ Γ˜n, γ ∈ X, g ∈ Γn.
In particular the subgroup S˜n acts on X. We introduce the class orbits
for the action of S˜n on X. For a partition µ ∈ Ω = Pn(l ≤ r+1) and distinct
integers i1, · · · , is from {0, 1, · · · , r} (thus s must be smaller than r+1), we
denote by I the set of the sequences ⌊i1, i2, · · · , is⌋ such that s = l(µ) ≤
r + 1. For such µ = (µ1, · · · , µs) ∈ Ω and a sequence ⌊i1, i2, · · · , is⌋ ∈ I, we
associate a S˜n-orbit of X as follows:
O(γ⊗µ1i1 ⊗ γ
⊗µ2
i2
⊗ · · · ⊗ γ⊗µsis )
={γj1 ⊗ γj2 ⊗ · · · ⊗ γjn | there are µk indices equal to ik}.
(4.1)
With fixed µ, the set of these orbits is called a class orbit with type µ =
(µ1, · · · , µs). For simplicity, we denote by Φµ the class orbit as follows:
(4.2) Φµ , {O(γ⊗µ1i1 ⊗ γ
⊗µ2
i2
⊗ · · · ⊗ γ⊗µsis ) | ⌊i1, i2, · · · , is⌋ ∈ I}.
Moreover, we say that an irreducible character γj1 ⊗ γj2 ⊗ · · · ⊗ γjn has type
µ = (µ1, µ2, · · · , µs) if it is contained in an orbit O(γ⊗µ1i1 ⊗γ
⊗µ2
i2
⊗· · ·⊗γ⊗µsis ).
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Lemma 4.1. (1) For µ ∈ Ω, the number of the class orbits Φµ is equal
to |Ω|.
(2) For a partition µ = (µ1, · · · , µs) ∈ Ω, each class orbit Φµ contains
Kµ orbits, where
(4.3) Kµ =
[
1
r + 1
] [
1
r
]
· · ·
[
1
r + 1− s+ 1
]
=
(r + 1)!
(r + 1− s)! .
For a sequence ⌊i1, i2, · · · , is⌋ ∈ I, γ⊗µ1i1 ⊗ γ
⊗µ2
i2
⊗ · · · ⊗ γ⊗µsis is a rep-
resentative of the S˜n-orbit O(γ⊗µ1i1 ⊗ γ
⊗µ2
i2
⊗ · · · ⊗ γ⊗µsis ) in X. For simplic-
ity, we set γµi , γ
⊗µ1
i1
⊗ γ⊗µ2i2 ⊗ · · · ⊗ γ
⊗µs
is
. For a partition µ ∈ Ω, let
Tµ = {zptρ ∈ S˜n|zptρ · γµi = γµi }, then
Tµ ≃ S˜µ1×ˆS˜µ2×ˆ · · · ×ˆS˜µs = S˜µ.(4.4)
Furthermore, if we set Γ˜µ := Γ
n ⋉ Tµ ≃ Γn ⋉ S˜µ, then it can be viewed as a
subgroup of Γ˜n.
We now use the Mackey-Wigner method of little groups (cf. [19]) to
construct the irreducible spin characters of Γ˜n. In the following we will let
piν be an irreducible spin S˜µ-module corresponding to s strict partitions
ν1, · · · , νs such that |νi| = µi and χν be the spin character afforded by
piν . For abelian groups we may simply use the same letter to denote a
representation as well as its character.
Now fix i := (i1, · · · , is), a combination from {0, · · · , r} and let piν be the
irreducible spin module of Γ˜µ obtained by composing piν with the canonical
projection Γ˜µ −→ S˜µ. Then γµi ⊗ piν is an irreducible spin module of Γ˜µ.
Finally we define
Θνµ,i , Ind
Γ˜n
Γ˜µ
(γµi ⊗ χpiν ).
By the Mackey-Wigner method it is clear that Θνµ,i is an irreducible spin
character and any irreducible spin character is of this form (also see [4] for
a direct argument). We will simply write Θνµ,i by Θ
ν
i , where ν ∈ SPn(Γ∗),
as it is an induced character from the Young subgroup Γ˜µ and µj = |νj|, j =
1, · · · , r+ 1. Here and later we allow some νj to be empty, thus even if ν ∈
SPn(Γ∗) we often write out only the non-empty partitions, so the associated
weight partition µ with µj = |νj | is a partition with length l(µ) ≤ r + 1.
4.2. The irreducible spin super character table of Γ˜n. When n <
4, the spin group S˜n is a direct product of Z2 and Sn, so we will assume
n ≥ 4 throughout this section. Let (g, σ) ∈ Γn, where σ has type ρ =
(ρ(c))c∈Γ∗ . The preimage elements are then (g, zptρ), p = 0, 1 (see (2.8)).
These two elements are representatives of the conjugacy classes D+ρ and D
−
ρ
respectively.
Proposition 4.2. Let ν = (ν1, · · · , νs) ∈ SPn(Γ∗) with |νj | = µj and
let i = (i1, · · · , is) ∈ I, then for ρ = (ρ1, · · · , ρs) ∈ Pn(Γ∗) such that |ρj | =
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µj, the character values of Θ
ν
i at the conjugacy classes D
±
ρ are given by
(4.5) Θνi (D
±
ρ ) = ±Kρ
s∏
j=1
( ∏
c∈Γ∗
γ
l(ρj(c))
ij
) · χν(tρ),
where Kρ is the number of left cosets T of Γ˜µ in Γ˜n such that (g, z
ptρ)T = T.
Proof. Since two elements of Γ˜n are conjugate if and only if they have
the same type. So for each transversal t of the left coset of Γ˜µ in Γ˜n, both
(g, zptρ) and t
−1(g, zptρ)t have the same type ρ. Let Vij (j = 1, · · · , s) be a
Γ˜n-module affording the character γij ∈ Γ∗. We will compute the character
γµi ⊗χpiν of the representation V ⊗µ1i1 ⊗· · ·⊗V
⊗µs
is
⊗W. If x˜ ∈ Γ˜m and y˜ ∈ Γ˜n−m
then x˜ acts on the first m factors of V ⊗µ1i1 ⊗ · · · ⊗ V
⊗µs
is
and y˜ on the last
n−m factors, it is clear that
(4.6) γµi ⊗ χpiν (x˜×ˆy˜) = γµi ⊗ χpiν (x˜) · γµi ⊗ χpiν (y˜).
Therefore it is enough to compute γµi ⊗ χpiν (g, zptρ) when tρ = [1, · · · , µ1]
· · · [µ1+ · · ·+µs−1+1, · · · , n] is an (µ1, · · · , µs)-cycle. For this purpose, let
eij be a basis of Vij (as Γ is a cyclic group) and let geij = γij (g)eij , γij (g) ∈ C.
As tρ · γµi = γµi for tρ ∈ S˜µ, it follows that
(g, zptρ)(e
⊗µ1
i1
⊗ · · · ⊗ e⊗µsis ⊗ w)
=g1(ei1)⊗ · · · ⊗ gµ1(ei1)⊗ · · ·
· · · ⊗ gµ1+···+µs−1+1(eis)⊗ · · · ⊗ gµ1+···+µs(eis)⊗ zptρ(w)
=γi1(gµ1 · · · g1) · · · γis(gn · · · gn−µs)(e⊗µ1i1 ⊗ · · · ⊗ e
⊗µs
is
⊗ zptρ(w))
(4.7)
If for each j ∈ {1, · · · , s}, the cycle-product g
Σj
k=0µk
·· · ··g
Σj−1
k=0µk+2
·g
Σj−1
k=0µk+1
(µ0 = 0) lies in c ∈ Γ∗, then we have
γµi ⊗ χpiν (g, zptρ) =
s∏
j=1
( ∏
c∈Γ∗
γij (c)
l(ρj (c))
)
χν(z
ptρ).
Subsequently
Θνi (D
±
ρ ) =±
∑
x˜∈Γ˜n
1
|Γ˜µ|
γµi ⊗ χpiν (x˜−1(g, tρ)x˜)
=±Kρ
s∏
j=1
( ∏
c∈Γ∗
γij (c)
l(ρj (c))
)
χν(tρ).
(4.8)

For j = 1, · · · , s, let νj be a partition valued function on Γ∗ and denote
νj = ((νj1 , · · · , νjj1), · · · , (ν
j
j1+···+jk−1+1, · · · , ν
j
j1+···+jk−1+jk))(4.9)
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in Pµj (Γ∗), where |νj | = µj and j1+j2+· · ·+jk = l(νj). Then ν = ν1∪· · ·∪νs
is a partition valued function in Pn(Γ∗). For each c ∈ Γ∗ and a partition
λ ∈ P, we define the characteristic partition cλ ∈ P(Γ∗) by
cλ(c) = λ, cλ(c
′
) = ∅, for c′ 6= c.
Let c(ν˜
j ) := c
(νj1)
i0
∪ c(ν
j
2)
i1
∪ · · · ∪ c
(νj
l(νj )
)
i
l(νj)
, then this union is a characteristic
partition valued function in Pµj (Γ∗) supported only at ci0 , ci1 , · · · , cil(νj ) .
Thus
ν˜ := c(ν˜
1) ∪ · · · ∪ c(ν˜s)
is a characteristic partition-valued function in Pn(Γ∗). Let ν¯ = (ν¯1, · · · , ν¯s) =⋃s
j=1(
⋃
c∈Γ∗ ν
j(c)), where ν¯j =
⋃
c∈Γ∗ ν
j(c) is a partition of µj. For ν, ξ ∈
Pn(Γ∗), we say they are in the same class if ν¯ and ξ¯ have the same partition
parts, and denote by ν¯ (or ξ¯) the type of this class. We denote by [ν˜] the
set of characteristic partition valued functions with type ν¯. It is easy to see
that the cardinality of [ν˜] is |Γ∗|l(ν). For (g, σ) ∈ Γn, if its corresponding
partition valued function is ν, then the cycle type of the permutation σ is
the type of class [ν˜].
For µ = (µ1, · · · , µs) ∈ Ω, let ∆ν¯j be an irreducible spin character of
S˜µj corresponding to a strict partition ν¯
j of µj. Suppose that there are
k associate spin and s − k double spin characters in {∆ν¯1 , · · · ,∆ν¯s}. We
denote by χν the character of the starred tensor product ∆ν¯1 ⊛ · · · ⊛ ∆ν¯s
when it is a double spin irreducible module. When the irreducible component
∆ν¯1⊛· · ·⊛∆ν¯s is an associate spin module, we choose χ+ν to be the irreducible
character such that the basic spin character χ
(ν¯ji )
( here each part ν¯ji of the
partition ν¯j corresponds a basic spin character χ
(ν¯ji )
) appears with positive
multiplicity in Res(χ+
ν¯j
)|S˜
ν¯
j
i
for each ν¯ji . Then the associated character is
denoted by χ−ν . Correspondingly the induced character Θνi = Ind
Γ˜n
Γ˜µ
(γµi ⊗χν)
is a double spin character when n− l(ν) is even and (Θνi )± = IndΓ˜nΓ˜µ(γ
µ
i ⊗χ±ν )
are associate spin characters when n− l(ν) is odd.
Let tν = tν1 · · · tνs ∈ S˜µ such that tνi ∈ S˜µi for i ∈ {1, · · · , s}. If each
νi ∈ SP1µi(Γ∗) and s is odd, then we have (cf. (3.3))
(χν)
±(tν) =±∆ν¯1 ⊛ · · ·⊛∆ν¯s(tν)
=± (2√−1) s−12 ∆ν¯1(tν1) · · ·∆ν¯s(tνs)
=± 2 s−12 · (√−1)n−l(ν)+2s−12
√
λ1 · · ·λl
2s
=± (√−1)n−l(ν)+2s−12
√
λ1 · · ·λl
2
,
(4.10)
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where (λ1, · · · , λl) is the type of ν. Hence
(χν)
±(tν)(χν)±(tν) =
λ1 · · ·λl
2
.(4.11)
Proposition 4.3. Let µ = (µ1, · · · , µs) ∈ Ω, λ = (λ1, · · · , λl) be the
type of ν = ν1 ∪ · · · ∪ νs and i ∈ I. If s is odd and each νj is in SP1µj (Γ∗),
then there are two associate irreducible spin characters (Θνi )
± of Γ˜n. For
ρ ∈ SP1n(Γ∗), the characters (Θνi )± are given according to
(i) when ρ = ρ1 ∪ · · · ∪ ρs ∈ [ν˜], then
(Θνi )
±(D+ρ ) = ±Kρ
s∏
j=1
(
∏
c∈Γ∗
γij (c)
l(ρj (c)))(
√−1)n−l(λ)+2s−12
√
λ1 · · ·λl
2
,
where Kρ is the number of left cosets T of Γ˜µ in Γ˜n such that (g, tρ)T = T .
(ii) when ρ /∈ [ν˜], one has (Θνi )±(ρ) = 0.
Proof. The first assertion follows from Proposition 4.2 and equation
(4.10). As for the second statement, by the standard inner product we have
〈(Θνi )±, (Θνi )±〉
=(
∑
ρ∈OPn(Γ∗)
+
∑
ρ∈SP1n(Γ∗)
)
1
Z˜ρ
(Θνi )
±(ρ)(Θνi )±(ρ).(4.12)
Recall that (Θνi )
+⊕(Θνi )− can be regarded as the character of an irreducible
supermodule of type Q. Hence by the inner product of super characters and
the fact that (Θνi )
+(ρ) = (Θνi )
−(ρ) when ρ ∈ OPn(Γ∗). It is easy to see that
(4.13)
∑
ρ∈OPn(Γ∗)
1
Z˜ρ
(Θνi )
±(ρ)(Θνi )±(ρ) = 1/2,
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so the second summand in (4.12) should also be equal to 12 . On the other
hand, by equation (3.6) it follows that
∑
ρ∈SP1n(Γ∗)
1
Z˜ρ
(Θνi )
±(ρ)(Θνi )±(ρ)
=
∑
ρ∈SP1n(Γ∗)
1
Z˜ρ
(γµi ⊗ χ±piν )(ρ)(γ
µ
i ⊗ χ±piν )(ρ) (by (3.6))
≥
∑
ρ∈[ν˜]
2
Z˜ρ
(γµi ⊗ χ±piν )(D+ρ )(γ
µ
i ⊗ χ±piν )(D+ρ ) (as D−ρ = zD+ρ )
≥
∑
ρ∈[ν˜]
χ±ν (tρ)χ
±
ν (tρ)∏s
j=1(
∏
c∈Γ∗ zρj(c)ζ
l(ρj(c))
c )
(as |γij (c)|2 = 1)
≥
∑
ρ∈[ν˜]
1
λ1 · · ·λl · (r + 1)l(ρ)
· λ1 · · ·λl
2
(by (4.11))
≥1
2
(as |[ν˜]| = (r + 1)l(ρ)).
(4.14)
Combining (4.12), (4.13) and (4.14) we have that
1
2
=
∑
ρ∈SP1n(Γ∗)
1
Z˜ρ
(Θνi )
±(ρ)(Θνi )±(ρ)
≥
∑
ρ∈[ν˜]
1
Z˜ρ
(Θνi )
±(ρ)(Θνi )±(ρ) ≥
1
2
which forces (Θνi )
±(ρ) = 0 if ρ /∈ [ν˜]. 
Example 4.4. Consider Γ˜13 with Γ = 〈a|a3 = 1〉. Let Γ∗ = {γ0, γ1, γ2}
and Γ∗ = {c0, c1, c2}, where γi(cj) = wij , and w = −12 +
√−3
2 . The irre-
ducible characters of Γ13 are classified into |P13| orbits under the action of
S13. Here P13 is the set of partitions of 13. We list some of these class
orbits and compute the associated spin characters as follows.
The first class orbit is Φ(13) = {O(γ⊗13i ) = {γ⊗13i }|i = 0, 1, 2}, then
T(13) = {zptρ ∈ S˜13|zptρ · γ⊗13i = γ⊗13i } ≃ S˜13, Γ˜(13) = Γ13 ⋉ T(13) = Γ˜13.
For i = 1, ν = ((5, 4, 3, 1)c)c∈Γ∗ ∈ SP113(Γ∗) and ρ = ((54)c0 , (31)c2) ∈ [ν˜]
(i.e. there are one 5-cycle and one 4-cycle such that their cycle-products lie
in c0, the same is true for (31)c2), the type of the class [ν˜] is λ = (5, 4, 3, 1).
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Then
(γ⊗131 ⊗∆±ν¯ )(D+ρ )
=γ1(c
0)l(ρ(c
0)) · γ1(c2)l(ρ(c2)) ·∆±ν¯ (tρ)
=± 1 · (w2)2 · (√−1) 13−4+2−12
√
5× 4× 3× 1
2
=±√−30w.
(4.15)
and (γ⊗131 ⊗∆±ν¯ )(ρ) = 0 if ρ /∈ [ν˜]. As∑
ρ∈[ν˜]
2
Z˜ρ
(γ⊗131 ⊗∆±ν¯ )(D+ρ )(γ⊗131 ⊗∆±ν¯ )(D+ρ )
=
∑
ρ∈[ν˜]
2
2Zρ
· (±
√−30w) · (±√−30w)
z(5,4)ζ
2
c0
z(3,1)ζ
2
c2
=|Γ∗|4 · 30
5 · 4 · 32 · 3 · 1 · 32 (as ζc = |Γ| = 3)
=
1
2
.
(4.16)
The second class orbit is Φ(5,4,4) = {O(γ⊗5i ⊗γ⊗4j ⊗γ⊗4k )|i, j, k = 0, 1, 2},
T(5,4,4) = {zptρ ∈ S˜13|zptρ ·γ⊗5i ⊗γ⊗4j ⊗γ⊗4k = γ⊗5i ⊗γ⊗4j ⊗γ⊗4k } ≃ S˜5×ˆS˜4×ˆS˜4,
Γ˜(5,4,4) = Γ
13 ⋉ (S˜5×ˆS˜4×ˆS˜4) = Γ˜5×ˆΓ˜4×ˆΓ˜4.
For i = 2, j = 1, k = 0 and ν¯ = ((3, 2), (4), (4)), let χ±ν := ±∆ν¯1⊛∆ν¯2⊛∆ν¯3.
For ρ = ρ1 ∪ ρ2 ∪ ρ3 = ((3)c1 , (2)c2) ∪ ((4)c2) ∪ ((4)c1) ∈ SP113(Γ∗), then
γ⊗52 ⊗ γ⊗41 ⊗ γ⊗40 ⊗ χ±ν (D+ρ )
=γ2(c
1)l(ρ
1(c1)) · γ2(c2)l(ρ1(c2)) · γ1(c2)l(ρ2(c2)) · γ0(c1)l(ρ3(c1))χ±ν (D+ρ )
=± w2 · w4 · w2 · w0 · (√−1) 13−4+6−12
√
3× 2× 4× 4
2
=∓ 4√−3w2,
(4.17)
and γ⊗52 ⊗ γ⊗41 ⊗ γ⊗40 ⊗ χ±ν ↑Γ˜nΓ˜(5,4,4) (ρ) = 0 if ρ /∈ [ν˜]. We see that∑
ρ∈[ν˜]
2
Z˜ρ
γ⊗52 ⊗ γ⊗41 ⊗ γ⊗40 ⊗ χ±ν (D+ρ )γ⊗52 ⊗ γ⊗41 ⊗ γ⊗40 ⊗ χ±ν (D+ρ )
=|Γ∗|4 · 1
3 · 2 · 4 · 4 · 34 · | ∓ 4
√−3w2|2
=
1
2
,
where the type of the class [ν˜] is λ = (4, 4, 3, 2).
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Proposition 4.5. Let µ = (µ1, · · · , µs) ∈ Ω, i ∈ I, and ν = ν1 ∪ · · · ∪
νs ∈ SP0n(Γ∗) such that each νi ∈ SP0µi(Γ∗). Then there is an irreducible
double spin character Θνi of Γ˜n. Moreover,
(i) when ρ = ρ1 ∪ · · · ∪ ρs ∈ OPn(Γ∗) and ||ρi|| = µi,
Θνi (D
+
ρ ) =
s∏
j=1
(
∏
c∈Γ∗
γij (c)
l(ρj (c)))∆ν¯j (tρj )Kρ,
the values Θνi (D
+
ρ ) are determined by the wreath product Schur Q-functions
(see [4]).
(ii) otherwise, one has Θνi (ρ) = 0.
Proof. (i) The expression of Θνi (D
+
ρ ) follows from Proposition 4.2 and
equation (3.3) (the case of k = 0). Moreover, if ρi ∈ OPµi(Γ∗) then ∆ν¯i(tρi)
is determined by Schur Q-functions as in (3.7), hence the values Θνi (D
+
ρ ) are
determined by wreath products of Schur Q-functions.
(ii) If ρ can not be decomposed as ρ1∪ · · ·∪ρs such that ||ρi|| = µi, then
by the theory of induced characters it is easy to see that Θνi (ρ) = 0. As
ν ∈ SP0n(Γ∗), the corresponding irreducible character Θνi is a double spin
character. Thus it can be regarded as an irreducible super character of type
M . Hence
< Θνi ,Θ
ν
i >Γ˜n= 1 =< Θ
ν
i ,Θ
ν
i >OPn(Γ∗)
which forces Θνi (ρ) = 0 for all ρ = ρ
1 ∪ · · · ∪ ρs ∈ SP1n(Γ∗). 
For ν = ν1 ∪ · · · ∪ νs ∈ SPn(Γ∗), let J = {j1, · · · , jk} be a maximal
proper subset of {1, · · · , s} such that νi is in SP1µi(Γ∗) for i ∈ {j1, · · · , jk}.
Let J
′
be the complement of J in {1, · · · , s}. For ρ = ρ1∪· · ·∪ρs ∈ SP1n(Γ∗),
one sees that if ∆ν¯i(tρi) 6= 0 then ρi must be in [ν˜i] for i ∈ J , and ρi must be
in OSPµi(Γ∗) := OPµi(Γ∗)∩ SPµi(Γ∗) for i ∈ J
′
. So we have the following
results.
Theorem 4.6. Let ν = ν1 ∪ · · · ∪ νs ∈ SP1n(Γ∗) and i ∈ I. Let µ =
(µ1, · · · , µs) ∈ Ω be the weight partition with µi = |νi|. The character values
of (Θνi )
± are computed as follows. (i) When ρ = ρ1 ∪ · · · ∪ ρs ∈ SP1n(Γ∗)
satisfies ρi ∈ [ν˜i] for i ∈ J and ρi ∈ OSPµi(Γ∗) for i ∈ J
′
, then
(Θνi )
±(D+ρ ) =± (
√−1)
∑
j∈J (µj−l(ν
j))+2|J|−1
2
√∏
j∈J(
∏
c∈Γ∗ ν
j(c))
2
·
s∏
j=1
(
∏
c∈Γ∗
γij (c)
l(ρj (c))) ·
∏
j∈J ′
∆ν¯j (tρj ) ·Kρ,
where Kρ is the number of left cosets T of Γ˜µ in Γ˜n such that (g, tρ)T = T ,
and the value of
∏
j∈J ′ ∆ν¯j (tρj ) is determined by the wreath products of
Schur Q-functions (see [4]).
(ii) (Θνi )
±(ρ) = 0, otherwise.
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Proof. The first assertion follows from (4.8), (4.10) and Proposition
4.3.
Now we consider the second part. For ν = ν1 ∪ · · · ∪ νs ∈ SP1n(Γ∗), let
us assume that ∆ν¯1 , · · · ,∆ν¯2m−1 are associate spin and ∆ν¯2m , · · · ,∆ν¯s are
double spin. Then by (4.10) and the second equation of (4.14), we have
∑
ρ∈SP1n(Γ∗)
1
Z˜ρ
(Θνi )
±(ρ)(Θνi )±(ρ)
=
∑
ρ∈SP1n(Γ∗)
22(m−1)
Z˜ρ
∣∣ s∏
j=1
(
∏
c∈Γ∗
γij (c)
l(ρj (c)))∆ν¯j (ρ
j)
∣∣2
=
∑
ρ=ρ1∪···∪ρs∈SP1n(Γ∗)
22(m−1)
Z˜ρ
∣∣ s∏
j=1
∆ν¯j (ρ
j)
∣∣2 (as |γij (c)|2 = 1)
≥
∑
ρj∈[ν˜j ]:j∈J ;ρj∈SPµj (Γ∗):j∈J
′
22m−3(
s∏
j=1
1
Zρj
∣∣∆ν¯j(ρj)∣∣2)
(4.18)
For each j ∈ J , 1Z
ρj
|∆ν¯j(ρj)|2 = |∆ν¯j (ρ¯
j)|2
z
ρ¯j
(r+1)l(ρ¯
j )
just depends on the type of ρj.
Therefore, they have the same value for any ρj ∈ [ν˜j ]. Because they have
the same type ν¯j,
∏2m−1
j=1
1
Z
ρj
|∆ν¯j(ρj)|2 is a constant for different ρ1 ∪ · · · ∪
ρ2m−1 ∈ [ν˜1] ∪ · · · ∪ [ν˜2m−1], then the last expression in (4.18) satisfies that
≥ 22m−3(
∑
ρj∈[ν˜j ]:j∈J
2m−1∏
j=1
∣∣∆ν¯j(ρj)∣∣2
Zρj
)(
∑
ρj∈OSPµj (Γ∗):j∈J
′
s∏
j=2m
∣∣∆ν¯j(ρj)∣∣2
Zρj
)
(4.19)
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In the above we have used OSPµj (Γ∗) := OPµj (Γ∗) ∩ SPµj (Γ∗), and then∑
ρj∈OSPµj (Γ∗):j∈J
′
s∏
j=2m
∣∣∆ν¯j (ρj)∣∣2
Zρj
=
∑
ρj∈OSPµj (Γ∗):j∈J
′
s∏
j=2m
|∆ν¯j (Dρj )|2∏
c∈Γ∗
zρj(c)ζ
l(ρj(c))
c
=
∑
ρ¯j∈OPµj
s∏
j=2m
|Γ∗|l(ρj)|∆ν¯j (zptρj)|2
zρ¯j (r + 1)
l(ρj)
=
s∏
j=2m
( ∑
ρ¯j∈OPµj
|∆ν¯j (zptρj )|2
zρ¯j
)
=
s∏
j=2m
< ∆ν¯j ,∆ν¯j >S˜µj
(∆ν¯j is double)
=1.
(4.20)
Subsequently, equation (4.18)
≥ 22m−3(
∑
ρj∈[ν˜j ]:j∈J
2m−1∏
j=1
∣∣∆ν¯j (ρj)∣∣2
Zρj
)
≥
∑
ρj∈[ν˜j ]:j∈J
22(m−1)
2m−1∏
j=1
|∆ν¯j (D+ρj )|2
2m−1∏
j=1
(
∏
c∈Γ∗ zρj(c)ζ
l(ρj(c))
c )
(D−
ρj
= zD+
ρj
)
≥ 22(m−1)
2m−1∏
j=1
|Γ∗|l(ρj)
∣∣√∏
c∈Γ∗ ν
j(c)/2
∣∣2∏
c∈Γ∗ ν
j(c)(r + 1)l(ρj(c))
≥ 1
2
.
(4.21)
We have pointed out that
∑
ρ∈SP1n(Γ∗)
1
Z˜ρ
(Θνi )
±(ρ)(Θνi )±(ρ) = 1/2, which
forces (Θνi )
±(ρ) = 0 if ρi /∈ [ν˜i] for i ∈ J or ρi /∈ OSPµi(Γ∗) for i ∈ J
′
. 
Corollary 4.7. For µ ∈ Ω, i ∈ I and let ν = ((µ1), (µ2), · · · , (µs)) ∈
SP1n(Γ∗). Suppose all µj are even integers, then for ρ = ρ1 ∪ · · · ∪ ρs ∈
SP1n(Γ∗), the values of the irreducible spin characters (Θνi )± at the conjugacy
classes D+ρ are given by
(Θνi )
±(D+ρ ) =
 ±(
√−1)n+s−12
√
µ1···µs
2
s∏
k=1
γik(c
jk)Kρ, ρ
i = c
(µi)
ji
,
0, otherwise,
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where Kρ is the number of left cosets T of Γ˜µ in Γ˜n such that (g, tρ)T = T .
Proof. We just need to check
(Θνi )
±(D+ρ ) = ±(
√−1)n2 2 s−12
√
µ1
2
· · ·
√
µs
2
s∏
k=1
γik(c
jk)Kρ
= ±(√−1)n2
√
µ1 · · ·µs
2
s∏
k=1
γik(c
jk)Kρ
(4.22)

In particular, when ν = (n) (i.e. s = 1) and ρ ∈ SP1n(Γ∗) (also see
Corollary 4.5 in [4])
(Θνi )
±(D+ρ ) =
{ ±(√−1)n2√n2γi(c), ρ = c(n),
0, otherwise.
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